We investigate the gluon Wigner distributions for unpolarized, longitudinally polarized and transversely polarized target state. Instead of a nucleon, we take the target state to be a quark dressed with a gluon at one loop and investigate the gluon Wigner distributions at leading twist. Better numerical convergence is obtained compared to an earlier study, that removes the regulator dependence of the results. We present a first calculation of the Wigner distribution for the transversely polarized target and linearly polarized gluon. We study the spin densities in momentum and impact parameter space. We also investigate the quark and gluon helicity and orbital angular momentum distributions at small-x.
I. INTRODUCTION
Nucleon spin puzzle has been a provocating issue since a couple of decades and the goal is to study, explore and understand the three dimensional picture of hadrons in terms of quarks and gluons. The generalized parton correlation functions (GPCFs) [1] provide a framework to study the composite structure of hadrons. GPCFs are fully unintegrated off diagonal quark-quark correlator which are functions of 4-momentum of quark and 4-momentum ∆, which is transferred by the hadrons and contains a wealth of information of the nucleon. The GPCFs are also related to quantum mechanical analogue of classical phase space distribution called as Wigner distributions [2] [3] [4] . On integrating the GPCFs over the light front energy (k − ) one obtains generalized transverse-momentum-dependent distributions (GTMDs). GTMDs and the Wigner distributions are Fourier transforms of each other [1, 5] . The matrix element of Wigner distributions are six dimensional and are functions of three position and three momentum variables [3, 4] . It is convenient to use a five-dimensional Wigner distribution as a function of two transverse positions and three momentum coordinates in light-front formalism [6] . These are often considered as mother distributions of the transverse-momentum dependent distribution (TMDs) [7] [8] [9] and generalized parton distributions (GPDs) [10] [11] [12] [13] [14] [15] [16] Wigner distributions are not always positive definite. So far the Wigner distributions of quarks and gluon have only been studied through model calculations, for example in constituent quark model and chiral quark soliton model [6] , spectator model [17] and holographic model [18, 19] . Wigner distributions of nucleons in a nucleus were studied in [20] .
Very recently the possibility to access the quark GTMDs in an exclusive double Drell-Yan process has been investigated in [21] . Most of the models have no gluonic degrees of freedom, and so gluon GTMDs and gluon Wigner distributions cannot be investigated in such models. Although interest in quark GTMDs are rather recent, gluon GTMDs and unintegrated gluon correlators have been introduced and discussed in the context of small x physics for diffractive vector meson production [22] and for Higgs production at Tevatron and LHC [23] quite some time back. The details of operator definitions, as well as parametrizations of gluon GTMDs, are given in [24] . There is also a growing interest to understand how to probe the gluon GTMDs experimentally that are related to the gluon Wigner distributions by a Fourier transform. In [25] the authors proposed to study small x gluon GTMDs in diffractive dijet production, and also in [26] for correlated hard diffractive dijet production in deep inelastic scattering. Exclusive dijets in deep inelastic scattering within the formalism of color glass condensate was first studied in [27] . Elliptic gluon GTMDs were studied in [28] . In [29] the authors proposed to probe the gluon GTMDs and Wigner distributions in DVCS at small x. In [30] gluon Wigner and Husimi distributions were investigated. Husimi distributions contain a Gaussian factor in the integrand that makes them positive definite, unlike Wigner distributions that are not positive definite. The disadvantage is that upon integration, the Husimi distributions do not reduce to known TMDs [31] suggested to probe the gluon Wigner distributions in ultra-peripheral pA collision.
Compared to the quark GTMDs, gluon GTMDs and Wigner distributions have more complex process dependence due to the presence of two gauge links in the gluon correlator required by color gauge invariance [32] [33] [34] , the simplest combinations are ++ (WeizsackerWilliams or WW-type) and +− (dipole type). Recent interest in quark and gluon Wigner distributions and GTMDs is related to the fact that these can provide important information about the so far unknown quark and gluon orbital angular momentum (OAM) in the nucleon [35] [36] [37] [38] . It was shown in [25] that both the WW type and dipole type gluon GTMDs give the same gluon OAM distribution. In models of the nucleon without gluonic degrees of freedom, one cannot study the gluon Wigner distributions/GTMDs. The possibility to probe the gluon Wigner distribution and gluon orbital angular momentum at the future electron-ion collider was studied in [39] . In [40, 41] we investigated the quark and gluon
Wigner distributions and OAM for a simple composite spin-
target state, namely for a quark dressed with a gluon at one loop in QCD. This may be considered as a field theory inspired perturbative model having a gluonic degree of freedom. The quark has non-zero mass and both quark and gluon have non-zero transverse momenta. Wigner distributions were expressed in terms of overlaps of light-front wave functions (LFWFs), which were calculated analytically in light-front Hamiltonian perturbation theory. In [40] we calculated the quark Wigner distributions for the unpolarized and longitudinally polarized target. The results were found to depend on a regulator on the momentum transfer by the target in the transverse direction. The convergence was improved, and the regulator dependence was removed in the quark Wigner distributions in [42] and transverse polarization was included.
Here we continue our study and calculate the gluon Wigner distributions, using improved numerical convergence, and remove the regulator dependence present in the earlier work [41] .
We also include transverse and linear polarization in the study of gluon Wigner distributions at leading twist.
The manuscript is organized in the following manner. In Sec. II, we begin with the field theory definition of the gluon Wigner distribution. We give the analytical expressions for gluon Wigner distribution at leading twist in the dressed quark model. In Sec. III, we explain the numerical strategy used for studying the Wigner distribution followed by the discussion of our numerical results. In Sec. IV We discuss spin density in transverse momentum and transverse position space. We present a discussion of the small-x behaviour of the quark and gluon helicities and orbital angular momentum in our model in Sec. V.
Conclusions are given in Sec. VI.
II. GLUON WIGNER DISTRIBUTIONS IN DRESSED QUARK MODEL
The Wigner distribution of gluon can be defined as [1, 6] 
where ∆ ⊥ and b ⊥ is the transverse momentum transfer from the target state and impact parameter space variable respectively. b ⊥ is conjugate to ∆ ⊥ , the gluon field strength tensor is given by
The operator structure for gluon at twist two are [24] 
where L(R) are left(right) polarization of the gluon (to be defined later). We have suppressed the color indices. The above correlator needs two gauge links for color gauge invariance. We choose light-cone gauge and take the gauge link to be unity, that is we will not be calculating the effect of the transverse link at light-cone infinity.
In the previous work [42] , we discussed the quark Wigner distribution for the dressed quark model. The dressed quark state with momentum 'p' and helicity 's' can be written in terms of light-front wave functions (LFWFs) as the expansion of the state in Fock space: 
so that
the two-particle LFWF can be written in terms of the boost-invariant variables as
k ⊥ is the average transverse momentum of the gluon and x is the momentum fraction of the gluon. This LFWF can be calculated analytically using light-front Hamiltonian perturbation theory [43] . The gluon-gluon correlators in terms of overlap of two-particle LFWFs are given
ii) For
(1 − x). We choose the gluon right (left) polarization as
Wigner distribution is obtained by taking the Fourier transform of Eqs. (7)- (10) and is given by
with α = 1, 2, 3, 4. Thus, for different polarization of gluon viz (U) unpolarized, (L) longitudinally polarized and two (T ) linearly polarized, one obtains 16 gluon Wigner distributions at leading twist. In the above expression, the polarization of the target state is denoted byê.
T denotes the transverse polarization of the target. We denote the gluon Wigner distribution as W λλ , where λ and λ are the polarization of target state and gluon respectively. We categorize 16 Wigner distributions for different polarization combinations at leading twist.
A. Unpolarized target and different gluon polarization
The unpolarized Wigner distribution
The unpolarized-longitudinally polarized Wigner distribution
The unpolarized-linearly polarized Wigner distribution
The superscipt 'L(R)' represents left (right) polarization of gluon.
The longitudinal-unpolarized Wigner distribution
The longitudinal Wigner distribution
The longitudinal-linearly polarized Wigner distribution
C. Transversely polarized target and different gluon polarization
The transversely polarized unpolarized Wigner distribution
The transversely-longitudinally polarized Wigner distribution
The transversely-linearly polarized Wigner distribution
where i denotes the transverse directions.ê i correspond to the transverse polarization of the target state and these can be expressed as a linear combination of helicity states. We have chosen the transverse polarization to be in x direction.
Using the analytic expression of the two-particle LFWFs, we calculate the Wigner distributions. Expressions for the unpolarized and longitudinal polarization have been given earlier in [41] . For completeness, here we give them again and include the expressions for transverse/linear polarizations also. The analytical expression for six linearly independent gluon Wigner distributions are given as:
where, N =
The remaining six gluon Wigner distributions can be expressed as linear combinations of the above six distributions in this model as:
III. NUMERICAL CALCULATIONS
The gluon Wigner distribution is a five-dimensional phase space distribution with two transverse components (k ⊥ , b ⊥ ) and a longitudinal momentum fraction (x). In the following, we integrate out the longitudinal momentum fraction (x) and study its behavior in the transverse phase space (k ⊥ , b ⊥ ). Figure. and k x and showed plots in the mixed space of k y and b x . W U U is shown in Fig. 2 (a) -(c),
this describes the distribution of unpolarized gluons in an unpolarized target. W U U has a positive peak at the center both in b ⊥ space and in k ⊥ space. The distribution is spread target, respectively. W LU is related to the gluon OAM and W U L is related to the spin-orbit correlation of the gluon [6, 37] . Both gluon OAM and spin-orbit correlation in this model have been discussed in [41, 47] . In a later section, we have discussed the small x limit of the quark and gluon helicity and OAM. W LU represents a distortion in impact parameter space due to non-zero OAM and W U L represents a distortion due to spin-orbit coupling. These distortions in our model are dipolar in nature. In mixed space we observe a quadrupole behaviour. The spin of the gluon is preferably anti-aligned with the OAM. In k ⊥ space, the correlations occur over a broad region than in b ⊥ -space. As most phenomenological models do not have gluons, these are the first model study of the gluon Wigner distributions integrated over x. Figs. 3 (d)-(f) show the plots of W LL , which is the distribution of longitudinally polarized gluon in a longitudinally polarized target. These are also peaked at the center of b ⊥ and k ⊥ space and spread along the x direction; indicating that b ⊥ ⊥ k ⊥ is favored for longitudinally polarized gluons. In the mixed space, two peaks are observed.
W LL is negative in the outer region of the b ⊥ and k ⊥ space.
Figs.4 (a)-(c) show plots of W
x T U , which is the distribution of unpolarized gluons in the transversely polarized target. Polarization of the target is taken to be in the x direction.
In b ⊥ space this shows a dipole nature, and the distribution is spread towards larger b x . In k ⊥ space a quadrupole nature is observed. The correlation is positive when both k x and k y have the same sign. One positive and one negative peak are seen in the mixed space. Qualitatively, the behavior of both are similar, in b ⊥ space, a dipole nature is observed, with a negative peak along positive b x axis. In k ⊥ space also a dipolar nature is seen, but with a broad positive peak in the positive k x region. There is a left-right asymmetry in the k ⊥ space, which is related to the linear polarization of the gluon, as it is present when the target is unpolarized as well as when it is longitudinally polarized. In mixed space two negative peaks are seen. 
The GPD limit of this operator structure is related to the chiral odd GPDs.
IV. GLUON GTMDS AND SPIN DENSITIES RELATIONS
The analytical expressions for gluon GTMDs for the unpolarized and longitudinally polarized gluon have been discussed in [41] . We will give here the expression for the new distribution that has been included in this work for the first time. It should be noted here that we use the parameterization discussed in [48] to extract the expression of GTMD given below. Similarly, transverse densities and densities in impact parameter space are two dimensional
Fourier transform of Form Factors and GPDs respectively. Analogously we integrate Wigner distributions over impact parameter space and transverse momentum space to obtain spin densities in momentum and impact parameter space respectively. Spin densities are shown in Fig. 7 . For this plot, we have taken a fixed value of x = 0.3. Spin density for unpolarized gluon in an unpolarized target state, as well as longitudinally polarized gluon in a longitudinally polarized target state, are peaked at the center. Spin density for unpolarized gluon in a transversely polarized target is spread over the b ⊥ space, and the spin density for longitudinally polarized gluon in a transversely polarized target in k ⊥ space is concentrated at the center.
A. TMD limit
TMDs can be obtained from GTMDs by taking the forward limit. In our model we set the gauge link to unity hence can acesses only T-even TMDs, so we display the relevant relations of gluon TMDs and GTMDs at leading twist [24] .
The corresponding analytical expressions in our model are:
In extracting the TMDs and GPDs we have taken into account that our starting expression of the operator structure in the Wigner distribution has an overall negative sign compared to operator structure in [48] . The expressions of the TMDs in Eq. (43)- (46) the transverse momentum and compare it with the parameterizations for gluon generalized correlators in [24, 48 ] to obtain the IPDs.
where
Thus, in our modelẼ g andẼ g T do not contribute since we have chosen ξ = 0. The relations we obtain in Eq. (47) - (52) are in agreement with the GPDs obtained in [48] .
V. QUARK AND GLUON HELICITY AND ORBITAL ANGULAR MOMENTUM AT SMALL-x
The behavior of the GTMDs and TMDs at small x has attracted quite a lot of interest recently. In [52] a bound on the gluon TMDs at small x was studied using dipole type gauge link. As stated before, the GTMDs are related to the quark and gluon helicity distributions and OAM. The latest extraction of gluon helicity distribution ∆G(x) at small x suffers from large uncertainties, and in this context a good estimate of the quark and gluon helicity and OAM in the small x region are essential as they all contribute to the nucleon spin. Several authors recently explored the quark and gluon GTMDs in this kinematical region. In [25] a relation between gluon helicity and OAM at small x was introduced and further discussed in [50] . Quark helicity distribution and OAM were also investigated in [50] in two different models. The scale evolution of the different contributions to the nucleon spin was also studied, with special emphasis in the small x region, which was not done in previous studies [49] . As is well known, a dressed quark in QCD or a dressed electron in QED provides a very good model for an intuitive description of the spin and angular momentum of a composite relativistic system [51] . In this section, we present a few observations and discussions about the quark and gluon helicity and OAM distributions in the dressed quark model in the limit of small x. Here we consider the Jaffe-Manohar sum rule for the spin:
For a nucleon, 1 2 ∆Σ is the contribution from intrinsic spin of the quarks (and antiquarks),
∆G is the intrinsic spin of the gluons, l q and l g are the canonical quark and gluon OAM, respectively. The terms on the right hand side of the above equation are the respective distributions integrated over x. The quark and gluon helicity and OAM are directly extracted from the GTMDs [40, 41] . For a dressed quark target, the leading log contributions are obtained in the massless limit of the quark [49] . Our results as given below agree with [49] in the massless limit.
The canonical OAM distribution for the quark is obtained from the GTMD [6, 36, 37] ,
Quark helicity is obtained from the GTMD,
The canonical OAM distribution for the gluon is obtained from the GTMD [6, 37] ,
Gluon helicity is obtained from the GTMD,
By comparing the operator structures in the above two cases for small x, the following relation between the gluon OAM and gluon helicity was pointed out by Hatta et.al. [25] (note that the l g used in this reference has a difference in a factor of 2 compared to ours, as seen from Eq. (32) in Ref [25] , however, our results agree with [50] );
That is the gluon helicity distribution at small x cancels the contribution from gluon OAM. The relation above was obtained in [25] using an operator analysis without any reference to the small x region. In [50] this relation is shown to emerge from a Regge-like behaviour of ∆G(x) and l g (x) at small x. Note that here x is the momentum fraction of the gluon.
The gluon GTMDs in the dressed quark model was evaluated in Ref. [41] at the leading twist. The gluon canonical orbital angular momentum l g (x) was also calculated using these
GTMDs. Because of a negative sign in the operator structure of our starting expression of the Wigner distribution as compared to [49] , we need an extra negative sign on the righthand side of Eq. (59), in order to compare with [49] in the massless limit. The analytic expressions for l g (x) and ∆G(x) are given by
Here Q and µ are the upper and lower cutoff on k ⊥ and α = g 2 4π
. From the analytic expression above, it is clear that the relation (60) holds in our model for small x. For completeness, we also investigate the quark helicity and OAM distributions at smallx = 1 − x, wherex is the momentum fraction of the quark in our model. These can be calculated using the GTMD expressions calculated before [40] . The analytic expressions for l q (x) and 1 2 ∆Σ(x) are given by
The expressions for l g (x), l q (x) and ∆G(x) as well as ∆Σ(x) given above argree with [49] in the massless limit of the quark. We also verify that the following relation holds for small
Both Eqs. (60) and (65) become exact equalities in the massless limit of the quark.
That is when the momentum fraction of the quark(gluon) probed is small, the quark(gluon)
helicity distribution in this model cancels the quark(gluon) OAM distribution, similar to the behavior predicted in [50] for quark and gluon distributions of the nucleon at small x. It is to be noted that all the four distributions, quark and gluon, are non-zero in the small x limit. In order to satisfy the sum rule, it is important to take into account the contribution from the single particle sector of the Fock space to ∆Σ(x), and the normalization of the state [49] . Figures 8 and 9 show the small-x relation given by Eqs. (65) and (60) respectively. The small non-zero value at small x is obtained from the quark mass term. Note that we have taken the mass of the target and the probed quark to be the same. In Fig. 10 we have shown all the four distributions as functions of x, where x is the momentum fraction of the quark/gluon probed. The gluon OAM and helicity distributions need a regulator µ as x → 0, as seen in the analytic expression. In some versions of this model, for example in the corresponding QED model, a non-zero mass is introduced for the internal gauge boson to regulate this divergence [51] . However, the divergent logarithmic piece cancel in the sum of l g (x) and ∆G(x) for small x. 
VI. CONCLUSION
In this work, we have investigated the gluon Wigner distributions for unpolarized, longitudinally polarized and transversely polarized target state, taking into account all possible polarization combinations of the gluon at leading twist. Instead of a proton target, we took a quark state dressed with a gluon, which acted as a perturbative model of a composite spin-1/2 state, and made it possible to investigate the gluon Wigner distributions, unlike most phenomenological models without a gluonic degree of freedom. We improved the numerical convergence compared to an earlier study with respect to the upper limit on ∆ ⊥ (∆ max ), as a result, the Wigner distributions presented here are independent of ∆ max . We study the leading twist gluon Wigner distributions, out of which 6 are independent Wigner distributions, and the remaining are linear combinations of those. All the distributions are expressed as overlaps of light-front wave functions and are calculated using an analytic form of the wave functions in light-cone gauge, they are presented in the transverse position, transverse momentum and mixed space. We have chosen light-cone gauge and have taken the gauge link to be unity. We obtained the GTMDs and calculated the spin densities in transverse momentum and position space. We have investigated the quark and gluon helicity and OAM distributions at small x and shown that in this model the quark(gluon) helicity is largely canceled by the quark(gluon) OAM at small-x, a behavior that is already proposed earlier in the literature. Further work in this line would be to investigate the effect of the gauge link on the Wigner distributions and TMDs.
